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We report long-duration real-time observations of the dynamics of hexagonal �rodlike� directional-
solidification patterns in bulk samples of a transparent eutectic alloy. A slight forward curvature of the iso-
therms induces a slow dilatation of the growth pattern at constant solidification rate and triggers the rod-
splitting instability. At long times, the rod-splitting frequency exactly balances the dilatation driven by the
curved isotherms. The growth pattern is then disordered and nonstationary but has a sharply selected mean
spacing. Well-ordered growth patterns can be grown using time-dependent solidification rates.
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Directional solidification of nonfaceted binary eutectics
�i.e., binary alloys, which are two-phased in the solid state,
both solid phases displaying nonfaceted melt growth� gives
rise to diffusion-controlled out-of-equilibrium patterns con-
sisting of more or less periodic arrangements of the two solid
phases over the solid-liquid interface. These patterns can be
either lamellar �periodic in one direction� or rodlike �forming
hexagonal arrays�. They have spacing values, which, in order
of magnitude, vary with the solidification rate V as V−0.5, are
of a few micrometers in the 0.1–10 �m s−1 V range, and
thus contain large numbers of repeat units in bulk samples.
The stability of these patterns and other aspects of their non-
linear dynamics have been fundamental research subjects for
decades. Much progress has been made, but our current
knowledge still has important deficiencies �1�. In this com-
munication, we focus on the question of the long-time dy-
namics of eutectic growth fronts �i.e., their behavior at arbi-
trary long solidification times� at given V and alloy
composition. This question, although central in elaboration
of metallic materials, has not yet been solved essentially for
lack of well-resolved methods of in situ observation of so-
lidification fronts. Postsolidification metallographic analyses
have set the framework, but could not clarify the dynamical
nature nor explain the apparent uniqueness �as opposed to
initial condition dependence� of eutectic growth patterns at
long solidification times. Briefly stated, the conclusion of the
metallurgical studies is that some statistical features of eu-

tectic growth patterns �mostly, their mean spacing �̄ and the
width of their � distribution �2�� settle down to constant,
reproducible values after long solidification times at fixed V.
On the other hand, it is now well established that, in ideal
�unbounded, isotropic� systems, periodic eutectic growth pat-
terns have finite-width stability intervals of �, which implies
that any periodic growth pattern belonging to this interval
can be created by an appropriate choice of the solidification
programs, and then maintained indefinitely at fixed V �3,4�.
In this Brief Report, we report on experiments that clarify
how the metallurgical results can be reconciled with the pre-
dicted “multistability” of eutectic growth.

We have performed real-time optical observations of

directional-solidification fronts in bulk samples of a transpar-
ent rodlike eutectic alloy, namely, succinonitrile-�d�camphor
�SCN-DC� at eutectic concentration �14 mol % of DC�. Such
observations allow an accurate spatiotemporal study of the
entire growth pattern, which is unprecedented in bulk
samples. The experimental methods that we used have been
explained in detail previously �5�. In brief, flat glass cru-
cibles of internal cross section 0.4�6 mm2 are filled with
eutectic SCN-DC and placed between a cold oven and a hot
oven. A thermal gradient G of 8�1 K mm−1 is established
by diffusion along the sample. The sample is then pulled at a
rate V toward the cold oven. During the pulling, the envelope
of the growth front remains locked onto the isotherm at the
eutectic temperature TE �38.3 °C� of SCN-DC. On a smaller
scale, it exhibits growth patterns consisting of arrays of DC
caps embedded in a continuous SCN matrix. Previous studies
confirmed that the mean spacing of these patterns obeys the
usual scaling law of eutectic growth, i.e., it remains close to
the minimum-undercooling spacing for two-dimensional eu-
tectic growth �m �6�, which, in the case of SCN-DC, is given
by �m

2 V=10.2�1.5 �m3 s−1 �7�. Our method of observation
yields dark-field images of these patterns, in which a bright
spot is associated with each DC cap �Fig. 1�. These images
are digitized and stored in a computer, and then processed to

*bottin@insp.jussieu.fr

FIG. 1. Growth front of the rodlike eutectic alloy SCN-DC di-
rectionally solidified at V=0.035 �m s−1. The growth direction z is
pointing toward the reader. The bright spots are the caustics of the
light rays transmitted by the curved DC-liquid interfaces �see Fig.
3�. The upper and lower edges of the image are 400 �m apart and
correspond to the contact lines of the front and the crucible walls.
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yield Voronoi diagrams �Fig. 2�, or binarized diagrams, in
which each DC cap is represented by its center of mass �Fig.
3�. We used the former to visualize the topological defects of
the hexagonal patterns and the latter to study the trajectories
of their individual repeat units. The resolution limit
��3 �m� of this method of observation is well below the
observed spacing values in the explored V range �0.01 to
0.06 �m s−1�. During this study, weakly anisotropic single
eutectic grains were grown, as explained in Ref. �8�.

Recording the trajectories of the DC caps during long-
duration solidification runs, we found that the DC caps were
slowly but continually drifting to the sample walls, where
they were eventually terminated �Fig. 3�. The drift was not
uniform, and thus could not be ascribed to a misalignment of
the thermal gradient with respect to the growth axis z. Re-
producibly, the drift velocity Vd varied monotonically with
the coordinate y along the normal to the sample walls, and
changed sign at a position yo, which varied from experiment
to experiment. Thus the growth patterns were undergoing a
permanent stretching in the y direction. No drift parallel to
the walls was observed. A simple explanation for this obser-
vation is that, in our experiments, the TE isotherm had a
forward �bulging into the liquid� curvature in the yz plane
perpendicular to the walls, but none in the plane parallel to
the walls, and that the trajectories of the DC caps remained
perpendicular to this isotherm in virtue of the well-known
“normal-growth” semiempirical rule, as shown in Fig. 3.

According to this rule, the local drift velocity of a growth
pattern due to a unidirectional curvature of the isotherms is

given by Vd�y�=V�� /�y, where z=��y� is the equation of a
longitudinal section of the TE isotherm. The measured values
of Vd varied linearly with y within the experimental uncer-
tainty. Taking the y axis origin at equal distance from the two
glass plates, we may write �� /�y=tan �o−y /R and yo
=R tan �o, where 1 /R is the curvature of the isotherm at y
=yo, and �o a �residual� thermal misalignment angle �smaller
than 3°� in the yz plane �5�. We found that R was always
much larger than the sample thickness, remained constant
during a given solidification run, but could vary from run to
run. Values of R measured in nine samples for different val-
ues of V ranged from about 2.2 to 5.4 mm �in Fig. 3, R
�4.4 mm and �o�2.1°�. The differences in R were not cor-
related with differences in V, and were thus most probably
due to �unwanted� changes in the ambient conditions affect-
ing the thermal field inside the sample. We also calculated R

from the rate of increase of �̄ over time. An elementary geo-
metrical calculation shows that, for a uniform one-directional

curvature R−1 of the TE isotherm, �̄�t�� �̄oet/�, where �

=2R /V and �̄o is the value of �̄ at t=0. This equation is valid
when the number of repeat units is locally conserved, i.e.,
when no DC cap is created or terminated during the process.
DC-cap terminations were not observed during this study
except at the sample walls. DC-cap creation events called rod

FIG. 2. Voronoi diagram of the growth pattern of Fig. 1. Hexa-
gons: medium gray. Pentagons: light gray. Heptagons: dark gray.
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FIG. 3. Left: Superposition of two binarized micrographs of a
growth pattern at times t1 �black dots� and t1+30 min �white dots�.
V=0.035 �m s−1. Vertical dimension: 400 �m. Right: Sketch of a
longitudinal section of the system assuming a �largely exaggerated�
forward curvature of the growth front.
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FIG. 4. Real-time observation of rod-splitting events �second column of spots from left�. Snapshots of a 65�74 �m2 region of a growth
pattern taken at time intervals of 7 min. V=0.035 �m s−1.
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splittings were counted by direct observation �Fig. 4�.
Figure 5 shows the time evolution of �̄ �defined as the

mean value of the nearest-neighbor distances in the Voronoi
diagram of the growth pattern� during a period without rod
branching of a solidification run. In this example, an expo-
nential �in fact, almost linear� fit yielded �=82�12 h, and
hence R=3.2�0.5 mm, in good agreement with the value of
R derived from the measurements of Vd�y� during the same
experiment. The same agreement between the two methods
of determining R was found in all the experiments. We con-
clude that the observed stretching of the growth patterns was
indeed due to a forward curvature of the isotherms. This
should not be a surprise. The isotherms of directional-
solidification setups are most commonly curved under the
effect of factors such as differences in thermal conductivity
between the various materials composing the samples, rejec-
tion of latent heat at the growth front, and convection-
induced transverse gradients. In our case, the order of mag-
nitude of R ��10 times as large as the sample thickness� and
the fact that R did not depend on V indicate that the curvature
of the isotherms was mostly due to the thermal-conductivity
inhomogeneity of the samples.

The slow increase in �̄ generated by the curved isotherms

continued until rod branchings occurred, which reduced �̄.
The rod branchings mostly took place inside the topological
defects of the pattern and contributed to the multiplication of
these defects. The global result of this complex interplay was
that, after a long solidification time at constant V, the average
rod-branching frequency �measured by direct counting� ad-
justed itself so as to counterbalance the continuous stretching
of the growth pattern. We performed a series of solidification
rate programs ending with a maintain at constant V, which all
led to a long-time dynamics characterized by a plateau in the

�̄�t� curve. Illustrative examples are shown in Fig. 6. The

fluctuations of �̄ over the plateau were due to fluctuations in
the ambient conditions and were responsible for a relatively
large ��10%� uncertainty on the plateau spacing value �p.

We performed 18 measurements of �p in seven different
samples, and fitted a V−0.5 law onto the data. The best fit
value was �p /�m=1.03�0.04 supporting that �p was initial-
condition independent.

During transients without rod branching, we observed the
progressive formation of well-ordered domains separated by
sharp boundaries �Fig. 5�. The characteristic times of rear-
rangement were of the same order of magnitude as the phase-
diffusion times calculated using the semiempirical formula
of Ref. �1�. More surprisingly, the hexagonal arrays inside
the domains were oriented with dense rows either parallel or
normal to the sample walls, which must be an effect of the
stretching of the growth pattern in this direction. This is evi-
dence of the existence of a finite-width stability � range for
the hexagonal growth patterns below �p. In this range, dis-
ordered patterns relax progressively toward a perfect hexago-
nal order through phase diffusion and other mechanisms
which remain to be identified.

At the end of the transient, rod-branching events occurred
in short cascades inside the domain boundaries �9�. This in-
creased the density of topological defects and progressively
blurred the structure in domains �10�. A detailed study of this
process is beyond the scope of this Brief Report. We limit
ourselves to some remarks which cast light on the steady
statistical features of the long-time dynamics �Fig. 7�. We
defined a local spacing � as the average value of the nearest-
neighbor distances of a DC cap, and a local index of stability
as the value �sp of � at the instant of the splitting. Measure-
ments of �sp for a large number of events yielded values
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FIG. 5. Time variation of the mean spacing in the absence of rod
splittings. V=0.021 �m s−1. Open circles: measured values. Con-
tinuous line: exponential fit �characteristic time: 82 h�. Insets:
Voronoi diagrams of a fixed region of the growth pattern at the
indicated times. Peaks of a hexagonal structure with dense rows
normal to the sample walls progressively appeared in the Fourier
transforms of the images �not shown� during the process.
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FIG. 6. Time variation of the mean spacing during the solidifi-
cation rate programs indicated in the upper part of the figure. �a�
�̄o	�p. The transient preceding the plateau is without rod splitting.

�b� �̄o
�p. The rod-branching frequency was initially high and
decreased during the transient.
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FIG. 7. Normalized histograms of the local spacing at the indi-
cated times during the solidification run of Fig. 6�a�. �p: mean value
at long times. Note that the � distribution narrowed during the
transient, which is due to the formation of well-ordered domains.
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ranging from �p to 1.25�p. These values are those of the
peak and maximum values of the statistical distribution of �
at long times, respectively, within the experimental scatter.
This suggests that the plateau value �p measures the stability
limit to rod branching in topological defects while the maxi-
mum value of the distribution corresponds the stability limit
to rod branching in a hexagonal environment �11�.

Finally, these observations also suggest that almost per-
fect eutectic hexagonal structures could be grown by direc-
tional solidification using time-dependent solidification rates.
The details of the required process would naturally depend
on the specifics of the directional-solidification setup used. In
our setup, which is characterized by a slight uniform forward
curvature of the isotherm and a quasizero average transverse
gradient, the process would basically consist of decelerating
the directional solidification in such a way �dV /dt
�−2V /�� that the V−0.5 increase in �p follows, or slightly

overtakes, the increase in �̄ driven by the curved isotherms.
We have tested this concept during relatively short period of
times �see Fig. 6�a�� and are currently studying the feasibility
of long-duration applications. We note that some of our con-
clusions are valid mutatis mutandis for a backward curvature
of the isotherms. Such a curvature would induce a continu-
ous shrinking of the growth pattern and presumably drive the
system into a steady long-time dynamics resulting from a

competition between curvature-induced shrinking and rod-
termination instability. Long transients without rod termina-
tions could be achieved by increasing V �12�. However, the
effect on the growth pattern of the injection of rods from the
sample walls, which would occur in that case, is unknown.

In conclusion, during the directional solidification of a
transparent rodlike eutectic system, we have observed a
steady long-time dynamics, which presents statistical fea-
tures �sharp selection of the mean spacing, broad dispersion
of the local spacing values� reminiscent of those observed
�but not explained� in metallic eutectics �2�. Broadly speak-
ing, the existence of a steady long-time dynamics is due to a
slight instrumental imperfection which drives the system to-
ward a stability boundary of the growth pattern and eventu-
ally triggers the corresponding �creation or termination� in-
stability. After a transient, the two processes �external forcing
and dynamical instability� come into balance and the mean
spacing remains constant although the growth pattern is dis-
ordered and nonstationary. Such a conclusion is likely to be
of general validity for weakly anisotropic �regular� eutectics.
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